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Abstract
The notion of n-normal residuated lattice, as a class of residuated
lattices in which every prime filter contains at most n minimal prime
filters, is introduced and studied. Before that, the notion of ω-filter is
introduced and it is observed that the set of ω-filters in a residuated lattice
forms a distributive lattice on its own, which includes the set of coannulets
as a sublattice. The class of n-normal residuated lattices is characterized
in terms of their prime filters, minimal prime filters, coannulets and ω-
filters. 1
1 Introduction
Distributive pseudo-complemented lattices form an important class of distribu-
tive lattices. Garrett Birkhoff asked a question (Birkenmeier, Kim, and Park,
1998, Problem 70) inspired by M. H. Stone: “What is the most general pseudo-
complemented distributive lattice in which x∗ ∨ x∗∗ = 1 identically?” The first
solution to this problem belongs to Gra¨tzer and Schmidt (1957), who gave the
name “Stone lattices” to this class of lattices. They characterized stone lattices
as distributive pseudo-complemented lattices in which any pair of incomparable
minimal prime ideals is comaximal or equivalently each prime ideal contains a
unique minimal prime ideal. Motivated by this characterization, Cornish (1972)
studied distributive lattices with 0 in which each prime ideal contains a unique
minimal prime ideal under the name “normal lattices”. He proved that if A is a
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distributive lattice with 0, it is normal if and only if for any x, y ∈ A, x∧ y = 0
implies x⊥ and y⊥ are comaximal. Cornish used the “normal” term in light
of Wallman (1938), who proved that the lattice of closed subsets of a T1 space
satisfies the above annihilator condition if and only if the space is normal. A
complete study on normal lattices can be found in Cornish (1972), Johnstone
(1982), Pawar (1993), Zaanen (1983). On the other hand, the results of Gra¨tzer
and Schmidt (1957) generalized by Lee (1970), who considered lattices in which
each prime ideal contains at most n minimal prime ideals. Cornish (1974) gave
the name “n-normal lattices” to this class and presented some of their character-
ization. The concept of n-normality for join-semilattices and posets considered
by Nimbhorkar and Wasadikar (2005) and Halasˇ, Joshi, and Kharat (2010),
respectively.
In this paper, we introduce the notion of n-normal residuated lattices and
generalize some results of Cornish (1974) and Halasˇ, Joshi, and Kharat (2010)
to this class of algebras.
This paper is organized in four sections as follow: In Section 2, some def-
initions and facts about residuated lattices are recalled and some proposition
about prime and minimal prime filters are proved. Also, for a given filter F of a
residuated lattice A, it is recalled that the set of coannihilators belonging to F ,
ΓF (A), forms a complete Boolean algebra on its own, and the set of coannulets
belonging to F , γF (A), is a sublattice of ΓF (A). In Section 3, notions of ω-filters
and divisor filters, as an especial subclass of ω-filters in a residuated lattice, are
introduced and some properties of them are studied. For a given residuated
lattice A and a filter F of A it is shown that the set of ω-filters belonging to
F , ΩF (A), forms a distributive lattice on its own, and γF (A) is a sublattice
of ΩF (A). Also, it is shown that for a prime filter P containing F the set of
F -divisors of P , DF (P ), is the intersection of F -minimal prime filters of A and
P is F -minimal if and only if P = DF (P ). In Section 4, the notion of n-normal
residuated lattice is introduced and characterized by applying of prime filters
and minimal prime filters. Normal residuated lattices are characterized as those
one their lattice of ω-filters are a sublattice of their lattice of filters. Finally, it
is proved that in a normal residuated lattice the greatest ω-filter contained in a
filter exists.
2 Residuated lattices
In this section, we recall some definitions, properties and results relative to
residuated lattices, which will be used in the following. The results in the this
section are original, excepting those that we cite from other papers.
An algebra A = (A;∨,∧,,→, 0, 1) is called a residuated lattice if `(A) =
(A;∨,∧, 0, 1) is a bounded lattice, (A;, 1) is a commutative monoid and (,→)
is an adjoint pair. A residuated lattice A is called a MTL algebra if satisfying
the pre-linearity condition (denoted by (prel)):
(prel) (x→ y) ∨ (y → x) = 1, for all x, y ∈ A.
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In a residuated lattice A, for any a ∈ A, we put ¬a := a → 0. It is well-
known that the class of residuated lattices is equational (Idziak, 1984), and so it
forms a variety. The properties of residuated lattices were presented in Galatos
et al. (2007). For a survey of residuated lattices we refer to Jipsen and Tsinakis
(2002).
Remark 1. (Jipsen and Tsinakis, 2002, Proposition 2.2) Let A be a residuated
lattice. The following conditions are satisfied for any x, y, z ∈ A:
r1 x (y ∨ z) = (x y) ∨ (x z);
r2 x ∨ (y  z) ≥ (x ∨ y) (x ∨ z).
Example 2.1. Let A6 = {0, a, b, c, d, 1} be a lattice whose Hasse diagram is
below (see Figure 1). Define  and → on A7 as follows:
 0 a b c d 1
0 0 0 0 0 0 0
a 0 a a 0 a a
b 0 a a 0 a b
c 0 0 0 c c c
d 0 a a c d d
1 0 a b c d 1
→ 0 a b c d 1
0 1 1 1 1 1 1
a c 1 1 c 1 1
b c d 1 c 1 1
c b b b 1 1 1
d 0 b b c 1 1
1 0 a b c d 1
Routine calculation shows that A6 = (A6;∨,∧,,→, 0, 1) is a residuated lattice.
 
0 
1 
𝒅 
𝒂 
𝒃 
𝒄 
Figure 1: The Hasse diagram of A6.
Let A be a residuated lattice. A non-void subset F of A is called a filter
of A if x, y ∈ F implies x  y ∈ F and x ∨ y ∈ F for any x ∈ F and y ∈ A.
The set of filters of A is denoted by F (A). A filter F of A is called proper if
F 6= A. Clearly, F is a proper filter if and only if 0 /∈ F . For any subset X
of A the filter of A generated by X is denoted by F (X). For each x ∈ A, the
filter generated by {x} is denoted by F (x) and called principal filter. The set
of principal filters is denoted by PF (A). Let F be a collection of filters of A.
Set YF = F (∪F). It is well-known that (F (A);∩,Y,1, A) is a frame and so it
is a complete Heyting algebra.
Example 2.2. Consider the residuated lattice A6 from Example 2.1. Then
F (A6) = {F1 = {1}, F2 = {d, 1}, F3 = {a, b, d, 1}, F4 = {c, d, 1}, F5 = A6}.
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The following remark has a routine verification.
Remark 2. Let A be a residuated lattice and F be a filter of A. The following
assertions hold for any x, y ∈ A:
(1) F (F, x) := F YF (x) = {a ∈ A|f  xn ≤ a, f ∈ F};
(2) x ≤ y implies F (F, y) ⊆ F (F, x).
(3) F (F, x) ∩F (F, y) = F (F, x ∨ y);
(4) F (F, x) YF (F, y) = F (F, x y);
(5) PF (A) is a sublattice of F (A).
A proper filter of a residuated lattice A is called maximal if it is a maximal
element in the set of all proper filters. The set of all maximal filters of A is
denoted by Max(A). A proper filter P of A is called prime, if for any x, y ∈ A,
x ∨ y ∈ P implies x ∈ P or y ∈ P . The set of all prime filters of A is denoted
by Spec(A). Since F (A) is a distributive lattice, so Max(A) ⊆ Spec(A). By
Zorn’s lemma follows that any proper filter is contained in a maximal filter and
so in a prime filter.
A non-empty subset C of A is called ∨-closed if it is closed under the join
operation, i.e x, y ∈ C implies x ∨ y ∈ C .
Remark 3. It is obvious that a filter P is prime if and only if P c is ∨-closed.
Also, if P ⊆ Spec(A), then (∪P)c is a ∨-closed subset of A.
The following result is an easy consequence of Zorn’s lemma.
Lemma 2.3. If C is a ∨-closed subset of A which does not meet the filter F ,
then C is contained in a ∨-closed subset C which is maximal with respect to the
property of not meeting F .
The following important result is proved for pseudo-BL algebras (Di Nola,
Georgescu, and Iorgulescu, 2002, Theorem 4.28); however, it can be proved
without difficulty in all residuated lattices.
Theorem 2.4. If C is a ∨-closed subset of A which does not meet the filter F ,
then F is contained in a filter P which is maximal with respect to the property
of not meeting C ; furthermore P is prime.
Corollary 2.5. Let F be a filter of a residuated lattice A and X be a subset
of A. The following assertions hold:
(1) If X * F , there exists a prime filter P such that F ⊆ P and X * P ;
(2) F (X) =
⋂{P ∈ Spec(A)|X ⊆ P}.
Proof. (1): Let x ∈ X − F . By taking C = {x} it follows by Theorem 2.4.
(2): Set σX = {P ∈ Spec(A)|X ⊆ P}. Obviously, we have F (X) ⊆
⋂
σX .
Now let a /∈ F (X). By (1) follows that there exits a prime filter P
containing F (X) such that a /∈ P . It shows that a /∈ ⋂σX .
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Let A be a residuated lattice and X be a subset of A. A prime filter P is
called a minimal prime filter belonging to X or X-minimal prime filter if P is a
minimal element in the set of prime filters containing X. The set of X-minimal
prime filters of A is denoted by MinX(A). A prime filter P is called a minimal
prime if P ∈ Min{1}(A). The set of minimal prime filters of A is denoted by
Min(A).
In following we give an important characterization for minimal prime filters.
Theorem 2.6. Let A be a residuated lattice and F be a filter of A. A subset
P of A is an F -minimal prime filter if and only if P c is a ∨-closed subset of A
which it is maximal with respect to the property of not meeting F .
Proof. Let P be a subset of A such that P c is a ∨-closed subset of A which is
maximal w.r.t the property of not meeting F . By Proposition 2.4 there exists
a prime filter Q such that Q not meeting P c and so Q ⊆ P . By Remark 3, Qc
is a ∨-closed subset of A and by hypothesis we have P c ⊆ Qc and Qc ∩ F = ∅.
So by maximality of P c we deduce that P c = Qc and it means that P = Q. It
shows that P is a prime filter and moreover it shows that P is an F -minimal
prime filter.
Conversely, let P be an F -minimal prime filter of A. By Remark 3, P c is a
∨-closed subset of A such that P c ∩ F = ∅. By using Lemma 2.3 we can obtain
a ∨-closed subset C of A such that it is maximal with respect to the property
of not meeting F . By case just proved, C ′ is an F -minimal prime filter such
that C ′ ∩ P c = ∅ and it implies C ′ ⊆ P . By hypothesis C = P c and it shows
that P c is a ∨-closed subset of A such that it is maximal with respect to the
property of not meeting F .
Corollary 2.7. Let A be a residuated lattice, X be a subset of A and P be a
prime filter containingX. Then there exists anX-minimal prime filter contained
in P .
Proof. By Remark 3, P c is a ∨-closed subset of A such that P c ∩F (X) = ∅.
By using Lemma 2.3 we can obtain a ∨-closed subset C of A containing P c
such that it is maximal with respect to the property of not meeting F (X). By
Theorem 2.6, C ′ is anF (X)-minimal prime filter which it is contained in P .
The following corollary should be compared with Corollary 2.5.
Corollary 2.8. Let F be a filter of a residuated lattice A and X be a subset
of A. The following assertions hold:
(1) If X * F , there exists an F -minimal prime filter m such that X * m;
(2) F (X) =
⋂
MinX(A).
Proof. (1): It is a direct consequence of Corollary 2.5(1) and Corollary 2.7.
(2): Set σX = {P ∈ Spec(A)|X ⊆ P}. By Corollary 2.5(2), it is sufficient to
show that
⋂
MinX(A) =
⋂
σX . It is obvious that
⋂
σX ⊆
⋂
MinX(A).
5
Otherwise, let a ∈ ⋂MinX(A) and P be an arbitrary element of σX . By
Corollary 2.7 there exists an X-minimal prime filter m contained in P .
Hence, a ∈ m ⊆ P and it states that ⋂MinX(A) ⊆ ⋂σX .
Let A be a residuated lattice and F be a filter of A. Recalling that (Rasouli,
2018b) for any subset X of A the coannihilator of X belonging to F (or, F -
coannihilator of X) is denoted by (F : X) and defined as follow:
(F : X) = {a ∈ A|x ∨ a ∈ F,∀x ∈ X}.
If X = {x}, we write (F : x) instead of (F : X) and in case F = {1}, we write
X⊥ instead of (F : X).
Example 2.9. Consider the residuated lattice A6 from Example 2.1. With
notations of Example 2.2 we have (F4 : 0) = F4, (F4 : a) = F4, (F4 : b) = F4,
(F4 : c) = F5, (F4 : d) = F5 and (F4 : 1) = F5.
Remark 4. Let A be a residuated lattice, F be a filter of A and X be a subset
of A. One can see that (F : X) is the relative pseudo-complement of F (X)
with respect to F in the lattice F (A).
In the following proposition we recall some properties of coannihilators.
Proposition 2.10. (Rasouli, 2018b, Proposition 3.1) Let A be a residuated
lattice and F be a filter of A. The following assertions hold for any X,Y ⊆ A:
(1) X ⊆ (F : Y ) implies Y ⊆ (F : X);
(2) (F : X) = A if and only if X ⊆ F ;
Let A be a residuated lattice and F be a filter of A. Set ΓF (A) = {(F :
X)|X ⊆ A}. The elements of ΓF (A) are called F -coannihilators of A. We
recall that (ΓF (A);∩,∨ΓF , F,A) is a complete Boolean lattice, where for any
G ⊆ ΓF (A) we have ∨ΓFF = (F : (F : ∪G )) (Rasouli, 2018b, Proposition
3.13).
Proposition 2.11. (Rasouli, 2018b, Proposition 3.15) Let A be a residuated
lattice and F be a filter of A. The following assertions hold for any x, y ∈ A:
(1) x ≤ y implies (F : x) ⊆ (F : y);
(2) (F : x) ∩ (F : y) = (F : x y);
(3) (F : (F : x)) ∩ (F : (F : y)) = (F : (F : x ∨ y));
(4) (F : x) Y (F : y) ⊆ (F : x) ∨ΓF (F : y) = (F : x ∨ y).
Let A be a residuated lattice. We set γF (A) = {(F : x)|x ∈ A}. The
elements of γF (A) are called F -coannulets of A. Applying Proposition (1), it
follows that γF (A) is a sublattice of ΓF (A) (Rasouli, 2018b, Theorem 3.16).
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3 ω-filters
In this section we introduce and investigate the notion of ω-filters in a residuated
lattice.
Definition 3.1. Let A be a residuated lattice and F be a filter of A. For any
subset X of A we set:
ωF (X) = {a ∈ A|x ∨ a ∈ F,∃x ∈ X}.
In the following, ω{1}(X) shall be denoted by ω(X).
Remark 5. The notions of O(P ) for a prime ideal P and its dual, ω(P ) for a
prime filter P , in a distributive lattice with 0 are introduced in Cornish (1972),
where it is shown that O(P ) is the intersection of all minimal prime ideals
contained in P (Cornish, 1972, Proposition 2.2). In Cornish (1973), these ideals
are employed as examples of α-ideals. In Cornish (1977), the notion of O-ideals
in bounded distributive lattices are introduced and their properties by means
of congruence relations are applied for obtaining a sheaf representation (by a
“sheaf representation” of a bounded distributive lattice A the author mean a
sheaf representation whose base space is Space(A) and whose stalks are the
quotients A/O(P ), where P is a prime ideal). L. Leus¸tean (Leus¸tean, 2005)
introduced the notion of O-filters in BL-algebras as the dual of o-ideals studied
by Cornish. O-ideals are the lattice version of the following ideals in rings: if R
is a ring, then O(P ) = {a ∈ R| as = 0, for some s ∈ R \P}, where P is a prime
ideal of R. O-ideals are used for obtaining sheaf representations of different
classes of rings (Birkenmeier, Kim, and Park, 1998, 2000, Hofmann, 1972).
Let A be a residuated lattice and F be a filter of A. A subset X of A shall
be called F -dense if (F : X) = F . The set of all F -dense elements of A shall be
denoted by DF (A). By Proposition 2.11((1) and (4)) follows that DF (A) is an
ideal of `(A).
Proposition 3.2. Let A be a residuated lattice, F,G be filters and X,Y be
subsets of A. The following assertions hold:
(1) ωF (X) = ∪x∈X(F : x);
(2) ωF (X) = {a ∈ A|(F : a) ∩X 6= ∅};
(3) F ⊆ ωF (X);
(4) X ⊆ Y implies ωF (X) ⊆ ωF (Y );
(5) F ⊆ G implies ωF (X) ⊆ ωG(X);
(6) ωF (X) = A if and only if F ∩X 6= ∅;
(7) ωF (X) = F if and only if X ⊆ DF (A).
Proof. We only prove the cases (6) and (7), because the other cases can be
proved in a routine way.
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(6) If ωF (X) = A, then 0 ∈ ωF (X) and it implies that 0 ∈ (F : x) for some
x ∈ X. So x ∈ (F : 0) = F and it means that F ∩X 6= ∅. Otherwise, if
x ∈ F ∩X, then we have (F : x) = A and it follows that ωF (X) = A.
(7) Let ωF (X) = F and x ∈ X. So we have F ⊆ (F : x) ⊆ ωF (X) = F and it
states that x ∈ DF (A). Conversely, X ⊆ DF (A) states that (F : x) = F
for any x ∈ X and it follows that ωF (X) = F .
Proposition 3.3. Let A be a residuated lattice and C be a ∨-closed subset of
A. Then ωF (C ) is a filter.
Proof. By Proposition 3.2(3) we have 1 ∈ ωF (C ). If a ≤ b and a ∈ ωF (C ), then
a ∈ (F : c) for some c ∈ C and so c ∈ (F : a). By Remark 2.11(2) follows
that c ∈ (F : b) and it shows that b ∈ (F : c) ⊆ ωF (C ). If a, b ∈ ωF (C ), then
for some ca, cb ∈ C we have a ∈ (F : ca) and b ∈ (F : cb). Hence we have
ca ∈ (F : a) and cb ∈ (F : b). By Remark 2.11(3) we have ca ∨ cb ∈ (F : a b)
and it follows that a b ∈ (F : ca ∨ cb) ⊆ ωF (C ).
The next proposition should be compared with Proposition 3.2(6).
Proposition 3.4. Let A be a residuated lattice and C be a ∨-closed subset of
A. The following assertions are equivalent:
(1) F ∩ C = ∅;
(2) ωF (C ) is proper;
(3) ωF (C ) ∩ C = ∅.
Proof. By Proposition 3.2(6) follows that (1) and (2) are equivalent.
(2)⇒ (3): If ωF (C ) ∩ C 6= ∅, then F ∩ C 6= ∅ and so by Proposition 3.2(6)
follows that ωF (C ) = A; a contradiction.
(3)⇒ (2): It is evident.
We recall that a subset I of a lattice A is called an ideal if I is a ∨-closed
subset of A and x ≤ y implies x ∈ I for any x ∈ A and y ∈ I. The set of all
ideals of a lattice A is denoted by I (A). For any subset X of A the ideal of
A generated by X is denoted by I (X) and I ({x}) is denoted by I (x). The
following remark has a routine verification.
Remark 6. Let A be a residuated lattice. The following assertions hold for any
x, y ∈ A:
(1) (I (`(A));∩,g) is a frame where g(I) = I (∪I) for any I ⊆ I (`(A));
(2) I (x) = {a ∈ A|a ≤ x};
(3) I (x) ∩I (y) = I (x ∧ y);
8
(4) I (x)gI (y) = I (x ∨ y).
Definition 3.5. A filter H of A is called an ω-filter belonging to F (or ωF -filter)
if H = ωF (IH) for some ideal IH . The set of all ωF -filters is denoted by ΩF (A).
It is obvious that F,A ∈ ΩF (A). In the sequel Ω1(A) simply is denoted by Ω(A)
and its elements are called ω-filters.
Proposition 3.6. Let A be a residuated lattice and F be a filter of A. Then
(ΩF (A);∩,∨ωF , F,A) is a bounded distributive lattice where G∨ωF H = ωF (IGg
IH) for any G,H ∈ ΩF (A).
Proof. Let G,H ∈ ΩF (A). In a routine way we can show that G∩H = ωF (IG∩
IH) and G ∨ωF H is the supremum of G and H. Following by Remark 6(1)
obviously ΩF (A) is a distributive lattice.
Lemma 3.7. Let A be a residuated lattice and F be a filter of A. Then γF (A)
is a subset of ΩF (A).
Proof. It follows by Proposition 2.11(1) and Proposition 3.2(1).
Proposition 3.8. Let A be a residuated lattice and F be a filter of A. Then
γF (A) is a bounded sublattice of ΩF (A).
Proof. By Lemma 3.7 follows that γF (A) is a subset of ΩF (A). Also, for any
x, y ∈ A we have the following sequence of formulas:
(F : x) ∨ωF (F : y) = ωF (I (x)) ∨ωF ωF (I (y))
= ωF (I (x)gI (y))]
= ωF (I (x ∨ y))
= (F : x ∨ y).
Corollary 3.9. Let A be a residuated lattice and F be a filter of A. If x∨y ∈ F ,
then (F : x) ∨ωF (F : y) = A.
Proof. It is an immediate consequence of Proposition 2.10(2) and Proposition
3.8.
Now, we introduce the notion of divisor filters in a residuated lattice as a
special kind of ω-filters, which are important tools in studying of minimal prime
filters.
Definition 3.10. Let H be a proper filter of a residuated lattice A. We set
DF (H) = ωF (H
c) and call its elements F -divisors of H. D{1}(H) is denoted
by D(H) and its elements are called unit divisors of H. Unit divisors of {1}
simply are called unit divisors.
Proposition 3.11. Let A be a residuated lattice, F be a filter and H be a proper
filter of A. The following assertions hold:
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(1) F ⊆ DF (H) = {a ∈ A|(F : a) * H} = ∪x/∈H(F : x);
(2) DF (H) = A if and only if F * H.
Proof. It is straightforward by Proposition 3.2.
Proposition 3.12. Let A be a residuated lattice. For any prime filter P of A
we have the following assertions:
(1) DF (P ) is an ω-filter of A;
(2) if P contains F , then DF (P ) ⊆ P .
Proof. (1): It follows by Remark 3 and Proposition 3.3.
(2): Let P contains F . Since (F : a) ⊆ P for any a /∈ P so it follows by
Proposition 3.11(1).
Let A be a residuated lattice and F be a filter of A. A filter G of A is called
an F -divisor filter if G = DF (P ) for some prime filter P .
Proposition 3.13. Let A be a residuated lattice, F be a filter and m be an
F -minimal prime filter. The following assertions hold:
(1) m = DF (m);
(2) m ⊆ DF (F ).
Proof.
(1): Let x ∈ m. It is easy to check that C = (x∨mc)∪mc is a ∨-closed subset of
A. By Proposition 2.6 we obtain that (x ∨mc) ∩ F = C ∩ F 6= ∅. Assume that
a ∈ (x∨mc)∩F . So there exists y ∈ mc such that x∨ y = a ∈ F . The converse
inclusion is evident by Proposition 3.12(2).
(2): It is an immediate consequence of Proposition 3.2(4) and (1).
Remark 7. Applying Proposition 3.13(2), it follows that any element of a
minimal prime filter in a residuated lattice is a unit divisor.
The following corollary is a characterization for minimal prime filters be-
longing to a filter.
Theorem 3.14. Let A be a residuated lattice, F be a filter and P be a prime
filter containing F . The following assertions are equivalent:
(1) P is an F -minimal prime filter;
(2) P = DF (P );
(3) for any x ∈ A, P contains precisely one of x or (F : x).
Proof.
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(1)⇒ (2): It follows by Proposition 3.13(1).
(2)⇒ (3): It is a direct consequence of Proposition 3.11(1).
(3)⇒ (1): Let Q be a prime filter containing F such that Q ⊆ P . Consider
x ∈ P . So (F : x) * P and it implies that x ∈ DF (P ) ⊆ DF (Q) ⊆ Q and this
shows that P = Q.
Corollary 3.15. Let A be a residuated lattice and F be a filter of A. For any
two distinct F -minimal prime filters m1 and m2 we have m1 ∨ωF m2 = A.
Proof. Let m1 and m2 be two distinct F -minimal prime filters of A. Let a ∈
m1 \m2 and b ∈ m2 \m1. By Proposition 3.14(3) follows that (F : a) * m1 and
so there exists some c ∈ (F : a) \ m1. So a ∨ (b ∨ c) ∈ F , (F : b ∨ c) ⊆ m1 and
(F : a) ⊆ m2. Hence, by Corollary 3.9 we have A = (F : a) ∨ωF (F : b ∨ c) ⊆
m1 ∨ωF m2.
Proposition 3.16. Let A be a residuated lattice, F be a filter and C be a
∨-closed subset of A. If m is an ωF (C )-minimal prime filter, then m ∩ C = ∅.
Proof. Let m be an ωF (C )-minimal prime filter and x ∈ m ∩ C . By Theorem
3.14, we have x ∈ DωF (C )(m) and it implies that x ∨ y ∈ ωF (C ) for some
y /∈ m. So there exists c ∈ C such that x ∨ y ∈ (F : c) and it follows that
y ∈ (F : x ∨ c) ⊆ ωF (C ) ⊆ m. It leads us to a contradiction.
Corollary 3.17. Let A be a residuated lattice, F be a filter and P be a prime
filter. Then any DF (P )-minimal prime filter is contained in P .
Proof. By takin C = P c it follows by Proposition 3.16.
Proposition 3.18. Let A be a residuated lattice, F be a filter and C be a
∨-closed subset. We have
MinωF (C )(A) = {m|m ∈MinF (A), m ∩ C = ∅}.
Proof. Set µ = {m ∈ MinF (A)|m ∩ C = ∅}. If m ∈ µ, then by Proposition 3.2
and Proposition 3.13 follows that
ωF (C ) ⊆ DF (m)(= m) ⊆ DωF (C )(m) ⊆ m.
It follows that m = DωF (C )(m) and so m ∈MinωF (C )(A).
Conversely, let m ∈MinωF (C )(A). By Proposition 3.2(3) follows that F ⊆ m
and by Proposition 3.16 follows that m ∩ C = ∅. Suppose that w is a prime
filter containing F such that w∩C = ∅ and w ⊆ m. Applying Proposition 3.11,
it shows that ωF (C ) ⊆ DF (w) ⊆ w. Therefore, w is a prime filter containing
ωF (C ) and so w = m. It shows that m is an F -minimal prime filter and so
m ∈ µ.
The following corollary is an immediate consequence of Proposition 3.18.
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Corollary 3.19. Let A be a residuated lattice, F be a filter and P be a prime
filter. We have
MinDF (P )(A) = {m|m ∈MinF (A), m ⊆ P}.
Proof. By takin C = P c it follows by Proposition 3.18.
Corollary 3.20. Let A be a residuated lattice, F be a filter and C be a ∨-closed
subset. We have
ωF (C ) =
⋂
{m|m ∈MinF (A), m ∩ C = ∅}.
Proof. It follows by Corollary 2.8 and Proposition 3.18.
Corollary 3.21. Let A be a residuated lattice, F be a filter and P be a prime
filter. We have
DF (P ) =
⋂
{m|m ∈MinF (A), m ⊆ P}.
Proof. By takin C = P c it follows by Corollary 3.20.
4 n-normal residuated lattices
In this section we introduce and study the notions of normal and n-normal
residuated lattices which are inspired by the study of normal lattices (Cornish,
1972) and n-normal lattices (Cornish, 1974). We characterize these classes of
residuated lattices in terms of ω-filters.
Lemma 4.1. Let A be a residuated lattice and F be a filter of A. For a given
integer n ≥ 2, the following assertions are equivalent:
(1) For any filters F1, · · · , Fn such that Fi∩Fj = F for any i 6= j, there exists
k such that Fk = F ;
(2) for any filters F1, · · · , Fn such that Fi ∩Fj ⊆ F for any i 6= j, there exists
k such that Fk ⊆ F ;
(3) for any x1, · · · , xn ∈ A which are “pairwise” in F , i.e. xi ∨ xj ∈ F for
any i 6= j, there exists k such that xk ∈ F ;
(4) F is the intersection of at most n− 1 distinct prime filters.
Proof.
(1)⇒(2): Let F1, · · · , Fn be n filters such that Fi ∩ Fj ⊆ F for any i 6= j.
Consider F1 Y F, · · · , Fn Y F . For any i 6= j we have (Fi Y f) ∩ (Fj Y f) =
(Fi ∩ Fj) Y F = F . So there exists k such that Fk Y F = F . So Fk ⊆ F .
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(2)⇒(3): Let x1, · · · , xn ∈ A which are pairwise in F . ConsiderF (F, x1), · · · ,F (F, xn).
Let z ∈ F (F, xi) ∩ F (F, xj). So by Remark 2(1) there exist fi, fj ∈ P
and integers ni, nj such that z ≥ (fi  xnii ) ∨ (fj  xnjj ). By r2 we deduce
z ≥ (fi ∨ fj)  (fi ∨ xnjj )  (xnii ∨ fj)  (xi ∨ xj)ninj and so z ∈ F . Hence
F (F, xi) ∩F (F, xj) ⊆ F . So there exists k such that xk ∈ F (F, xk) ⊆ F .
(3)⇒(4): If n = 2, then F is a prime filter and so (4) is obviously holds. Let
m < n be the largest integer such that (3) does not hold for F . So there exist
a1, · · · , am ∈ A pairwise in F , yet a1, · · · , am /∈ F . We show that (F : ai) is a
prime filter for any 1 ≤ i ≤ m. Consider 1 ≤ i ≤ m. By Proposition 2.10(2)
follows that (F : ai) is a proper filter. Let b ∨ c ∈ (F : ai). Consider the set of
m + 1 elements {a1, · · · , ai−1, b ∨ ai, c ∨ ai, ai+1, · · · , am}. This set is pairwise
in F and so b∨ ai ∈ F or c∨ ai ∈ F . It implies that b ∈ (F : ai) or c ∈ (F : ai),
hence (F : ai) is a prime filter.
Obviously, we have F ⊆ ∩mi=1(F : ai). If w ∈ ∩mi=1(F : ai), then a1, · · · , am, w
are pairwise in F and so w ∈ F . It shows that F = ∩mi=1(F : ai) is the intersec-
tion of m < n prime filters.
(4)⇒(1): Let P1 · · · , Pm (1 ≤ m < n) are distinct prime filters such that
F = ∩mi=1Pi. Let F1, · · · , Fn be n filters of A such that Fi ∩ Fj = F for any
i 6= j. Let Fj * Pij for 1 ≤ j, ij ≤ m. So by Pigeonhole principle there exists
some m < k such that Fk ⊆ ∩mi=1Pi = F . Hence, Fk = F .
Definition 4.2. Let A be a residuated lattice and P be a proper filter of A. P
is called n-prime if it satisfies any of the equivalent assertions of Lemma 4.1.
Definition 4.3. Let A be a residuated lattice and F be a filter of A. A is called
n-normal with respect to F if any prime filter containing F contains at most n
F -minimal prime filter. A is called normal with respect to F if it is 1-normal
with respect to F . A is called normal if it is normal with respect to {1}.
Lemma 4.4. Let A be a residuated lattice and F be a filter of A and n ≥ 2. If
m1, · · · ,mn are distinct F -minimal prime filters. Then there exist a1, · · · , an ∈
A which are pairwise in F and ai /∈ mi for any 1 ≤ i ≤ n. Moreover, if we set
bi = nj=1
j 6=i
aj, the following assertions hold:
(1) bi ∈ mi for 1 ≤ i ≤ n;
(2) ∨ni=1bi ∈ F ;
(3) (F : ∨nj=1
j 6=i
bj) ⊆ mi for any 1 ≤ i ≤ n.
Proof. Let n = 2. So there exist x1 ∈ m2 − m1 and x2 ∈ m1 − m2. Applying
Theorem 3.14 there exists y2 /∈ m1 such that x2 ∨ y2 ∈ F . It follows that
a1 = x1 ∨ y2 and a2 = x2 establish the result. Suppose that the result holds
for n−1 and m1, · · · ,mn are distinct F -minimal prime filters. Let x1, · · · , xn−1
are pairwise in F and xi /∈ mi for 1 ≤ i ≤ n − 1. Consider yi ∈ mn − mi for
1 ≤ i ≤ n. Let y = ni=1yi, hence y ∈ mn − (
⋃n−1
i=1 mi). By Theorem 3.14 there
exists z ∈ mn such that y ∨ z ∈ F . It follows that ai = xi ∨ y (i = 1, · · · , n− 1)
and an = z are the required elements.
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(1): Let 1 ≤ i ≤ n. For any 1 ≤ j 6= i ≤ n we have ai ∨ aj ∈ F and ai /∈ mi. So
aj ∈ mi and it shows that bi ∈ mi.
(2): By a simple induction on r2 follows that ∨ni=1bi ≥ ji∈{1,··· ,i−1,i+1,··· ,n}(∨ni=1aji).
Since a1, · · · , an are pairwise in F so the result holds.
(3): For any j 6= i we have bj ≤ ai. So if ∨nj=1
j 6=i
bj ∈ mi, then ai ∈ mi; a
contradiction. Hence, ∨nj=1
j 6=i
bj /∈ mi and so the result establishes by Theorem
3.14(3).
Proposition 4.5. Let A be a residuated lattice and F be a filter of A. The
following assertions are equivalent:
(1) For any n+ 1 distinct F -minimal prime filters m0, · · · ,mn,
Yni=1mi = A;
(2) A is n-normal with respect to F ;
(3) for any prime filter P containing F , DF (P ) is an (n+ 1)-prime filter;
(4) for any x0, · · · , xn ∈ A which are pairwise in F ,
Yni=0(F : xi) = A;
(5) for any x0, · · · , xn ∈ A which are pairwise in F , there exists ai ∈ (F : xi)
for any 0 ≤ i ≤ n such that ni=0ai = 0;
(6) for any x0, · · · , xn ∈ A, (F : ∨ni=0xi) = Yni=0(F : ∨nj=0
i6=j
xj);
(7) for any x0, · · · , xn ∈ A, ∨ni=0xi ∈ F implies Yni=0(F : ∨nj=0
i6=j
xj) = A;
Proof. (1)⇒(2) is trivial and (2)⇒(3) is a direct consequence of Corollary 3.21
and Lemma 4.1(4).
(3)⇒(4): Let x1, · · · , xn ∈ A are pairwise in F . If Yni=1(F : xi) 6= A, then there
exists a prime filter P containing Yni=1(F : xi). So by Theorem 3.14(3) follows
that x1, · · · , xn /∈ DF (P ) and it leads us to a contradiction following by Lemma
4.1(3).
(4)⇒(5): Let x1, · · · , xn ∈ A are pairwise in F . Hence Yni=1(F : xi) = A and
so by Remark 2(1) there exist ai ∈ (F : xi) for any 1 ≤ i ≤ n such that
ni=1ai = 0.
(5)⇒(6): Let a ∈ (F : ∨ni=1xi). Let bi = a ∨ (∨j 6=ixj). Obviously, b1, · · · , bn
are pairwise in F . So there exits ai ∈ (F : bi) for any 1 ≤ i ≤ n such that
ni=1ai = 0. By r2 follows that a = a ∨ ni=1ai ≥ ni=1(a ∨ ai). On the other
hand, a ∨ ai ∈ (F : ∨nj=0
i6=j
xj) for any 1 ≤ i ≤ n. By Remark 2(1) follows that
a ∈ Yni=0(F : ∨nj=0
i6=j
xj). The other inclusion follows by Remark 2.11(4).
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(6)⇒(7): It is trivial.
(7)⇒(1): Let m0, · · · ,mn be distinct F -minimal prime filters. By Lemma 4.4(2)
follows that ∨ni=1bi ∈ F and so Yni=0(F : ∨nj=0
i6=j
bj) = A. Also, by Lemma 4.4(3),
(F : ∨nj=0
i6=j
bj) ⊆ mi for any 0 ≤ i ≤ n. so Yni=1mi = A.
Corollary 4.6. Let A be a residuated lattice. The following assertions are
equivalent:
(1) Any two distinct minimal prime filters are comaximal;
(2) A is normal;
(3) for any prime filter P , D(P ) is prime;
(4) for any x, y ∈ A, x ∨ y = 1 implies x⊥ Y y⊥ = A;
(5) for any x, y ∈ A, x ∨ y = 1 implies that there exist u ∈ x⊥ and v ∈ y⊥
such that u v = 0;
(6) for any x, y ∈ A, (x ∨ y)⊥ = x⊥ Y y⊥;
(7) for any x, y ∈ A, (x ∨ y)⊥ = A implies x⊥ Y y⊥ = A;
Proof. It follows by taking F = {1} in Proposition 4.5.
Proposition 4.7. Let A be a residuated lattice. The following assertions are
equivalent:
(1) for any F,G ∈ Ω(A), F ∨ω G = A implies F YG = A;
(2) A is normal;
(3) for any F ⊆ Ω(A) we have YF ∈ Ω(A);
(4) Ω(A) is a sublattice of F (A);
(5) γ(A) is a sublattice of F (A);
Proof.
(1)⇒(2): Let x ∨ y = 1 for some x, y ∈ A. Since γ(A) is a sublattice of Ω(A)
so we have x⊥ ∨ω y⊥ = x⊥ ∨Γ y⊥ = (x ∨ y)⊥ = A. Thus A is normal due to
Corollary 4.6(4).
(2)⇒(3): Let {Fi}i∈I be a family of ω-filters and let for any i ∈ I, Ii be a
lattice ideal such that Fi = ω(Ii). By Proposition 3.2(4) follows that for any
i ∈ I we have Fi ⊆ ω(gi∈IIi) and it states that Yi∈IFi ⊆ ω(gi∈IIi) since
ω(gi∈IIi) is a filter. Let a ∈ ω(gi∈IIi). Hence, there exists x ∈ gi∈IIi such
that a ∈ x⊥. It implies that x ≤ xi1 ∨ · · · ∨xin for some integer n and xij ∈ Iij .
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So by Proposition 2.11(1) and Corollary 4.6(6) we have the following sequence
of formulas:
x⊥ ⊆ (xi1 ∨ · · · ∨ xin)⊥
= x⊥i1 Y · · · Y x⊥in⊆ Fi1 Y · · · Y Fin
⊆ Yi∈IFi.
It shows that Yi∈IFi = ω(gi∈IIi).
(3)⇒(4): Let F,G ∈ Ω(A). By Proposition 3.6 we have F Y G ⊆ F ∨ω G and
by (3) we have F ∨ω G ⊆ F YG. It holds the result.
(4)⇒(5): It is trivial.
(5)⇒(1): Let F,G ∈ Ω(A) such that F ∨ω G = A. Since ω(IF g IG) = A, so by
Proposition 3.2(6) follows that 1 ∈ IF g IG and it states that f ∨ g = 1 for some
f ∈ IF and g ∈ IG. Hence, A = (f ∨ g)⊥ = f⊥ ∨Γ g⊥ = f⊥ Y g⊥ ⊆ F YG.
In light of above corollary, we obtain the existence of the greatest ω-filters
contained in a given filter of a normal residuated lattice.
Proposition 4.8. Let A be a normal residuated lattice. Then for any filter F
there exists a largest ω-filter contained in F .
Proof. Let F be a filter and F be the family of ω-filters of A contained in F .
By Corollary 4.7(3), YF is an ω-filter and obviously it is the largest ω-filter
contained in F .
Definition 4.9. Let A be a residuated lattice. For any filter F of A we set
σ(F ) = {a ∈ A|a⊥ Y F = A}.
Proposition 4.10. Let A be a residuated lattice and F be a filter of A. Then
σ(F ) is an ω-filter contained in F .
Proof. Let IF = {a ∈ A|a⊥⊥ Y F = A}. Let a, b ∈ IF . By Proposition 2.11(3)
and distributivity of F (A) follows that (a ∨ b)⊥⊥ Y F = (a⊥⊥ ∩ b⊥⊥) Y F =
(a⊥⊥∩F )Y (a⊥⊥∩F ) = A. So IF is a ∨-closed subset of A. Now, let a ≤ b and
b ∈ IF . By Proposition 2.10(1) and Proposition 2.11(1) follows that b⊥⊥ ⊆ a⊥⊥
and it implies that a ∈ IF . Thus IF is an ideal and so ω(IF ) is a filter due to
Proposition 3.3.
Let a ∈ ω(IF ). So a ∈ x⊥ for some x ∈ IF . By Proposition 2.10(1) follows
that A = x⊥⊥ Y F ⊆ a⊥ Y F and so a ∈ σ(F ). Conversely, let a ∈ σ(F ). So
x  f = 0 for some x ∈ a⊥ and f ∈ F . Since x ∈ x⊥⊥ we obtain that x ∈ IF .
On the other hand, a ∈ a⊥⊥ ⊆ x⊥ so a ∈ ω(IF ). Hence, σ(F ) = ω(IF ) and it
proves that σ(F ) is an ω-filter.
At the end, for any a ∈ σ(F ) there exist x ∈ a⊥ and f ∈ F such that
x f = 0. By r1 we have
f = f  1 = f  (a ∨ x) = (f  a) ∨ (f  x) = f  a.
So f ≤ a and it shows that a ∈ F . It holds the result.
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In the following we characterize the greatest ω-filter of a normal residuated
lattice A contained in a given filter.
Theorem 4.11. Let A be a normal residuated lattice and F be a filter of A.
Then σ(F ) is the greatest ω-filter of A contained in F .
Proof. By Proposition 4.10 follows that σ(F ) is an ω-filter contained in F . Let
G be an ω-filter such that G ⊆ F . Thus for a ∈ G there exists x ∈ IG such that
a∨ x = 1. By Corollary 4.6(4) follows that A = a⊥ Y x⊥ ⊆ a⊥ YG ⊆ a⊥ YF . It
shows that a ∈ σ(F ) and so the result holds.
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